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Abstract. In this note we study the equivariant cohomology with com- 
pact supports of the zeroes of the moment map for the cotangent bundle 
of a linear representation of a torus and some of its notable subsets, us- 
ing the theory of the infinitesimal index, developed in [8]. We show that, 
in analogy to the case of equivariant K-theoxj dealt with in [7] using the 

T ^1 , index of transversally elliptic operators, we obtain isomorphisms with 

**l • notable spaces of splines studied in ([2], [3]). 

rd 

1. Introduction 

Let G be a compact Lie group with Lie algebra g, N a manifold with 
^J G-action and equipped with a G-equivariant 1-form a. 

From this setting, one has a moment map \i a : N — > g*. A particularly 
^S| ! important case is that of N = T*M, the cotangent bundle of a manifold 

with a G action, equipped with the canonical action form. In this case, the 
zeroes of the moment map is a subspace T G M whose equivariant K-theory 
is strongly related to the index of transversally elliptic operators as shown 

in m- 

In order to understand explicit formulas for such an index, in [8] we 
have introduced the infinitesimal index infdex, a map from the equivariant 
cohomology with compact supports of the zeroes of the moment map to 
distributions on g*. 

We have proved several properties for this map which, at least in the case 
of the space TqM, in principle allow us to reduce the computations to the 
case in which G is a torus and the manifold is a complex linear representation 
of G. A finite dimensional complex representation of a torus is the direct 
sum of one dimensional representations given by characters. If X is a list of 
characters, we denote by Mx the corresponding linear representation which 
is naturally filtered by open sets Mx,>i where the dimension of the orbit is 
>i. 

In this paper, we first compute the equivariant cohomology of the open 
sets Mx,>%i and also of some slightly more general open sets in Mx- This 
part of our paper, namely Sections 2 and 3, does not use the notion of infin- 
itesimal index. The results are obtained from the structure of the algebra 

| S , [0*][(ria6X a ) ] as a module over the Weyl algebra studied in [5]. 

l 
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In Section 4 we apply the results we have obtained to the equivariant 
cohomology of the open set M x m of points with finite stabilizer. Using 
Poincare duality, we remark that the equivariant cohomology with compact 
supports H Gc (T G M x m ) of T G M x m is isomorphic as a S'[s*]-module to a 
remarkable finite dimensional space D{X) of polynomial functions on g*, 
where S[g*} acts by differentiation. The space D(X) is defined as the space 
of solutions of a set of linear partial differential equations combinatorially 
associated to X and has been of importance in approximation theory (see 
for example [2], [3]). 

At this point the notion of infinitesimal index comes into play. We show 
in Theorem 15.121 that the infinitesimal index gives an isomorphism between 
Hq c {T g M x ) and D(X). After this, we show that, for each z, the infinites- 
imal index establishes an isomorphism between H G c (T G Mx,>i) and a space 

of splines Gi(X), introduced in [6], (cf. (fTT)) ) and generalizing D(X). 

It should be mentioned that, in the previous paper [7J, similar results have 
been proved, using the index of transversally elliptic differential operators, 
in order to compute the equivariant K-theory of the spaces T G Mx,>i- 

This paper represents a sort of "infinitesimal" version of [7J and will be 
used, in a forthcoming paper [9], to give explicit formulas for the index of 
transversally elliptic operators. 

Finally it is a pleasure to thank Michel Brion for a number of useful 
conversations and remarks and the referee for a very careful reading and 
extremely useful suggestions. 



2. A SPECIAL MODULE 

2.1. A module filtration. Let G be a compact torus with Lie algebra g 
and character group A. We are going to consider A as a lattice in g*. 

We need to recall some general results proved in [5] . Let us fix a list X = 
(ai, . . . , a m ) of non zero characters in A C g*. Let S[q*] be the symmetric 
algebra on g* or in other words the algebra of polynomial functions on g. 
For a list Y of vectors, let us set dy := IlaeY a e ^[S*]- 

Definition 2.2. A subspace s of g* is called rational (relative to X) if 

s = {xns). 

In general if A is a set of vectors we denote by (A) the linear span of A. 

We shall denote by Sx the set of rational subspaces and, for a given 
< k < s, by Sx(k) the set of the rational subspaces of dimension k. 

We shall assume always that X spans g* and need to recall that a cocircuit 
in AT is a sub list of X of the form Y := X \ H where H is a rational 
hyperplane. 

Definition 2.3. We denote by Ix the ideal in S[q*] generated by the ele- 
ments <iy's, as Y runs over the cocircuits. 
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One knows that Ix defines a scheme Vx supported at and of length 
d(X) = dim(S[g*]/Ix) where d(X) equals the number of bases extracted 
from X, (see [5], Theorem 11.13). 

Consider the localized algebra Rx '■= S[g*][d x ], which is the coordinate 
ring of the complement of the hyperplane arrangement in g, defined by the 
equations a = 0, a € X. 

This algebra is a cyclic module over the Weyl algebra W [g] of differential 
operators with polynomial coefficients, generated by d x (Theorem 8.22 of 

0). 

In [5], we have seen that this W[g]-module has a canonical filtration, 
the filtration by polar order, where we put in degree of filtration < k all 
fractions in which the denominator is a product of elements in X spanning 
a rational subspace of dimension < k (we say that k is the polar order on the 
boundary divisors). We denote this subspace by Rx,k- One of the important 
facts (Theorem 8.10 in |5j) is that 

Theorem 2.4. The W[g]-module Rx,k/Rx,k-i is semisimple, its isotypic 
components are in 1-1 correspondence with the rational subspaces of dimen- 
sion k and such a isotypic component is generated by the class of 1/dxns- 

Consider the rank 1 free S[g*] submodule L := d x S[g*] in Rx generated 
by d x . Set L^ := LC\Rx,k, that is the intersection of L with the A;— filtration. 
We obtain for each k an ideal 1^ of S[g*] defined by 

h '■= Lj-dx- 

For a given rational subspace s of dimension k, denote by Ig := 5 , [g*](ix\s 
the principal ideal generated by d x \ s - Notice that 

IsL = d x l ^S[g*\ C L k . 

Thus I s C Ik and indeed from Theorem 11.29 of [5] one gets 

ses x {k) 
If Q C Sx is a set of rational subspaces, we set 

for the ideal generated by the elements dx\ s for s € Q. 

Associated to s, we also consider the list Xds consisting of those elements 
of X lying in s and we may consider the ideal Ixns C S[s], as defined in l2.3|. 
and its extension Jxns '■= IxnsS[g*]. Since S[g*] is a free S\s\ module, the 
obvious map 

S[g*] ®s[s] Ixns -> Jxns 
is an isomorphism and 

(1) S[g*]/J X ns * S[g*} ® s[i (S[s]/I X ns). 
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Lemma 2.5. If s is of dimension k, we have that d Xns S[g*] C L k and 

(2) dxnsSfo*] n L fe _x d d^ni-^na- 

Proof. We have already remarked the first statement. As for the second, 
by definition Jxns is the ideal generated by the elements dz where Z is 
a cocircuit in X D s. This means that Z is contained in X D s and that 
Y := (lns)\Z spans a subspace of dimension ft — 1. Hence d Xns dzS[g*] = 

dy^iQ*] C L fc _i. " □ 

Multiplying Formula (0) by <ix, we deduce that 

(3) /« n 4_i D Jxnsd x \s = /^ II - 

tcs, teSx(fc-i) 

In this way, multiplication by d Xns gives an homomorphism of 5*[g*]- 
modules jg : S[g*]/Jxr\s — > Lk/Lk-i and hence, taking direct sums, a ho- 
momorphism j := ®s&s x (k)h 

(4) j : ®sGS x (k)S[Q*]/Jxns -► L k /L k _ x . 
We have (Theorem 11.3.15 of [5]): 

Theorem 2.6. T/ie homomorphism j is an isomorphism. 

Using ([3]), Theorem 12.61 tells us that the summation morphism 

(5) j ■ ®s&S x (k)h/ J Xs_d X \s -> 4/4-1 
is an isomorphism. 

Definition 2.7. A set Q C <Sj\: of rational subspaces is called admissible if, 
for every sdQ,Q also contains all rational subspaces tCs. 



From Theorem 12.61 we deduce 
Proposition 2.8. 1) For any subset Q C Sx(k) 

(6) £4)n4-i= Yl h- 

s&g tcseg, ieSx(fc-i) 

2) Given an admissible subset Q C Sx and a rational subspace s € Q of 
maximal dimension k, then 

(7) 4 n/ Q\{2} = / » nJ fc-i= 2 J i- 

tea, teS x (k-l) 

Proof. 1) By ©, the restriction of j to ®s&glj Jx s dx\ s ls injective. It 
follows that 

§&g seg tcsed, tes x (k-i) 

as desired. 
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2) We first assume that Q D Sx{k — 1) so that Q\s = Sx(k — 1) L)Q with 
Q C Sx{k). If Q is empty, then Iq\, s} = Ik-i and our claim is a special case 
ofl). 

Otherwise Iq Xjl = 4-1 + Y^teg h- Let b G h nI Q\s- Passing modulo 4_i, 
we get an element lying in IJ{Is_C\I k -i) and in <Xtee ^/((SteS 4) n/ fc-i)- 
But the restriction of j to ©i^ui^/i/ii n Ifc_i is injective. It follows that 
b G /fc-i as desired. 

Passing to the general case, set Q = Q U <Sx(fc — !)• We have 

4 n Iq\ { s} c J, n i Q ^ } = i, n j fc _x = ^ 4. 

tcs, ts5 x (fc-l) 
On the other hand it is clear that 

tCs, teS x {k-l) 
and our claim follows. □ 

3. EQUIVARIANT COHOMOLOGY 

3.1. Equivariant cohomology of Mx,>k- Let G be a compact torus. 
Given a G space M, we denote for simplicity by H G (M) the G equivari- 
ant cohomology H G (M,M) of M with real coefficients. 

For a character a £ A, we denote by L a the one dimensional complex G 
module on which G acts via a. Given a list X in A, we set 

M x = ®aexL a . 

Our purpose is to compute the equivariant cohomology of various G stable 
open sets in Mx- 

To begin with, since Mx is a vector space, H G {Mx) equals the equivariant 
cohomology of a point and thus H G (M X ) = S[q*}, and g* = H G (M X )- 

Let X and Mx be as before and Y a sublist of X. We have My C Mx- 

Lemma 3.2. H* G (M X \ M Y ) = S[Q*}/{d x \ Y )- 

Proof. Since M X \M Y = (M x \y \ 0) X M Y , we have H* G {M X \ My) ^ 
H g (M x \y \ 0). Moreover, the long exact sequence of the pair (M x \y,0) 
and the definition of the equivariant Euler class yield H g {Mx\y \ 0) — 

H G (M x \ Y )/(dx\ Y )- 

□ 

Take a subset Q C Sx of rational subspaces and set 

Aq = M x \ U ieQ M Xn ,. 

Theorem 3.3. H g {Aq) is isomorphic as a graded ring to S[q*]/Iq. 

In particular Aq has no G equivariant odd cohomology. 
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Proof. Let us add to Q all the rational subspaces t which are contained in 
at least one of the elements of Q. In this way, we get a new subset Q D Q 
which is now admissible and is such that Aq = Aq. Also it is clear that 

I Q = I Q- 

Having made this remark, we may without loss of generality assume that 

Q is admissible. If Q = 0, then A$ = Mx, the ideal 1$ = {0} and there is 
nothing to prove. Thus we can proceed by induction on the cardinality of 
Q and assume that Q is nonempty. 

Take {§} maximal in Q. Notice that Q \ {§} is also admissible. Further- 
more the set 

S<s = {t 6 S x | t C s} 

is also admissible and strictly contained in Q. 
We have 

A Q = A Q\{s} n (M x \ Mxns) 

and 

A?\{,} U (M x \ Mxns) = A s<£ . 

Thus, by induction, we have 

(8) H* G (A Q \ { s } ) = S[ 9 *}/I Q \ {l} , H* G (A Q \ { s } U(M x \Mxns) = S[q*]/I s< ^. 

Set Y := X n s. Consider the homomorphism 

V> : H* G (A Q \ { s } U (M X \ Mxns)) -► H* G (A Q \ {§} ) H G (M X \ M Y ) 

induced by inclusion. Using the isomorphisms (JSj) and Lemma 13.2^ we get a 

commutative diagram 

h *g(M{s} U (Mx \ Mxns)) -^ H* G (A Q \ { s } ) 9 H* G (M X \ M Y ) 



S[ S *]/I S< , > S[Q*]/I Q \ { s } (BS[Q*}/(dx\ Y ) 

where the vertical arrows are isomorphisms. Now by Proposition 12.81 2) 

h n Iq\{s} = Is n h-i = 2^ h = Is<s- 

tea, teSx(k-l) 

Thus ip is injective. We immediately deduce from the Mayer- Vietoris se- 
quence that the homomorphism 

4> : H G (A Q \ {1} ) H G (M X \ M Y ) -> ^(^q) 

is surjective and that H g (Aq) ~ 5[0*]//q as desired. □ 

Remark 3.4. There is a parallel theorem for the algebraic counterpart of 
equivariant cohomology, that is the equivariant Chow ring (see Edidin and 
Graham HO]). 
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3.5. Equivariant cohomology of Mx,>k- Let s := dim(G) and let us look 
at some special cases of Theorem 13.31 We always assume that X spans the 
s-dimensional space q* , which is equivalent to assume that the generic point 
of Mx has a finite stabilizer. 
UQ = S x (k-l), 

Asx(fe-i) = M * \ u ses x (k-i) M xns ■= M x ,>k 

is the set of points whose orbits have dimension at least k. 

Definition 3.6. For k = s, Mx,> s is the open set of points with finite 
stabilizer that we also denote by M^. 

Corollary 3.7. The equivariant cohomology of Mx,>k is isomorphic as a 
graded algebra to S[g*] modulo the ideal Ik-i- In particular Hq{M x 171 ) = 
S[g*]/Ix with Ix the ideal generated by the elements dy as Y runs over the 
cocircuits. 

Remark 3.8. Assume that X spans A C 0* and that the cone C(X) C 0* 
of linear combinations of the vectors in X with non negative coefficients is 
acute. Consider the complexified torus Gc- The list X gives an embedding 
G — > (Si) m and its complexification Gc — > (C*) m , so we may consider the 
torus T = (Si) m /G and its complexification T c = (C*) m /G C - 

Write z £ Mx as z = ^2 a z a with z a G L a . Choose £ € C(X) not lying in 
any rational hyperplane (in this case we say that £ is regular). Then the set 
P{. := {z € Mx | J2 a \z a \ 2 a = £} is smooth, contained in M^, and P^/G 
is a toric variety for the complex torus Tc. As a Tc-variety, P^/G depends 
only on the connected component of the set of regular points containing £. 
Furthermore P^/G is projective and rationally smooth. 

Generators and relations for the ring Hq(P^) = H*(P^/G) are well known 
(see for example [3]). In particular, 5(0*) surjects on H*(P^/G). Consider 
the restriction map Hq(M^ u ) — > Hq(P^). Thus this map is surjective for 
any regular £ and its kernel (which depends upon the connected component 
of the set of regular points containing £) is generated by the polynomials 
dx\cT € S(q*), where a C X runs over the bases of 0* such that £ is not in 
the cone generated by a. 

Remark 3.9. It may be interesting to observe that to X, as to any matroid, 
is associated a two variable polynomial, the Tutte polynomial, that describes 
the statistics of external and internal activity. Then the statistic of external 
activity gives rise to the Betti numbers of equivariant cohomology of M^ n 
while from internal activity one deduces the characteristic polynomial that 
describes Betti numbers of the complement of the complex hyperplane ar- 
rangement deduced from X. A direct topological interpretation of the Tutte 
polynomial has been recently obtained in |llj . 
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4. EQUIVARIANT COHOMOLOGY OF TqM 

4.1. The space D(X). In order to perform our cohomology computations, 
we need first to introduce some new spaces. We keep the notation of the 
previous sections. 

Given a E g*, let us denote by d a the derivative in the a direction. We 
identify S[q*] to the space of differential operators with constant coefficients 
ong*. 

To a cocircuit Y, we associate the differential operator dy '■= ELeY ®a- 

Definition 4.2. The space D(X) is given by 

(9) D(X) := {/ G S[g] I dyf = 0, for every cocircuit Y}. 

The space D(X) is stable by the action of 5"[g*]. 
Notice that, by its definition: 

Remark 4.3. D(X) is the (graded) vector space dual to the algebra D*(X) = 
S[g*]/I x , that is the cohomology ring H^{M f ^ n ) by Corollary O 

To be consistent with grading in cohomology, we double the degrees in 
S[g] and hence in D{X) and we set for each i > 0, D(X) 2i+1 = {0}. 

Using the Lebesgue measure associated to the lattice A, we will in what 
follows freely identify polynomial functions on g* with polynomial densities 
ong*. 

The polynomials in D(X), dual to the algebra D*(X) := S[g*]/Ix, can be 
naturally interpreted as Laplace-Fourier transforms of the finite dimensional 
space D{X) of those generalized functions which vanish on the functions 
vanishing on the scheme Vx- 

Denote by S'{g*) the space of tempered distributions on g* . Assume now 
that there is an element x £ g such that (x, a) > for every a in X. Recall 
that the multivariate spline Tx is the tempered distribution defined by: 



(10) 



/•OD />00 m 

{T x \f)= ... / f(Y j t i a i )dt l ...dt r , 

Jo Jo i=1 



Its Laplace transform is d x := l/FIaex a - Notice that, if a € X, 

(11) T x =T a * T x \ a , d a T x = T x \ a , => d x T x = T = 6 . 

Let r be a vector subspacein g*. We have an embedding j : <S'(r) — > S'{g*) 
by j (<fi)( f) = <ft(f\z) f° r an y € S'(r), f a Schwartz function on g*. We 
denote the image j(S'(r)) by S'(g*,r) (sometimes we even identify S'(r) 
with S'(g*,r) if there is no ambiguity). We next define the vector space: 

Definition 4.4. 

(12) G{X) := {/ € S'(g*) \ d x \ L f € S'(g*,r), for all r G S x }- 
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Example 4.5. Let G = S 1 and identify A with Z and g* with R. Let 
X = l k+1 = (1,1, ...,1). 

V v ' 

fc+1 
Then there are two rational subspaces: R and the origin. The only cocir- 

jfc+1 

cuit is X itself and dx = ■ fc+ i ■ The space D(X) consists of the polynomials 
of degree < k and Tx = x jk\ if x > and otherwise. It is easy to see 
that G(X) = D(X)®RT X . 

We are now going to recall a few properties of Q(X) (see also [7]). For 
this, given a list of non zero vectors Z in g*, we consider the dual hyper- 
plane arrangement, a 1 - C 0, a G Z. Any connected component i 7 of the 
complement of this arrangement is called a regular face for Z. An element 
G F decomposes Z = A U B where <f> is positive on A and negative on B. 
This decomposition depends only upon F. We define 

(13) T# = (-i)i B ir (A _ B) . 

Notice that T^ is supported on the cone C(A, —B) of non negative linear 
combinations of the vectors in the list (A, —B). 

Take the subset Sx(i) of subspaces r € Sx of dimension i. Consider dx\ r 
as an operator on Q{X) with values in S'(g*,r). Define the spaces 

(14) Q(X)i:=n ieSx (i-i)^v(dx\t)- 

Notice that by definition Q(X)q = 0(X), that ^(A^)di mg * is the space 
D(X) and that G(X) i+1 C g(X) t . 

Remark 4.6. Consider a polynomial density g G D(Xflr), a face i 7 ^. defining 

P P* ~~ 

X\r = AuB and ?V? . The convolution T^f * 5 is well defined since, for 
any z € 0*, the set of pairs x S C(A, —B), y G r with x + y = z is compact. 

Lemma 4.7. Let r G <Sx(i). 

i) The image of dx\ r restricted to Q(X)i is contained in D{X fir). 
ii) Take rational subspaces t and r. For any g G D(X n r), 

(15) d x\t(T x \ L *a) = ( d (x\t)\rT x \ L ) * (d { xnr)\(t_nr)9)- 

F 

mj 7/<7 zs mD(lnr), i/ien T x v r * g G ^(X)j. 

Proof, i) First we know, by the definition of £?(A"), that dx\ r G(X)i is con- 
tained in the space S'(q* ,r). Let t be a rational hyperplane of r, so that t 
is of dimension i — 1. By definition, we have that for every / G Q(X)i 

0= H d a f= H d a dx V J. 

aeX\t a£(Xnr)\t 

This means that dx\ r f satisfies the differential equations given by the co- 
circuits of X n r, that is, it lies in D{X PI r). 
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ii) We have that d x \t = d (x\t)nrd(x\t)\ L but d {x \t)nr = d (xnr)\(tnr)- Thus 

d X\t( T X\r *9) = ( 5 (X\t)\r^x\r) * ( d (Xnr)\(tn-r)9) 

as desired. 

iii) If t does not contain r, we get that (d(xnr)\(tnr)9) = an d hence, by 

(USD, 

dx\t_(T x \ L *g) = 0. 

D 
Consider the map fii : G{X), L — >• ©rgsw^-DpC fir) given by 

Mi/ := ®reS x (i)dx\rf 
and the map Pj : © re s x (,j)-D(X flr)-> ^(X)j given by 

Pj(©5r) := ^ T^. * 9r_- 
Theorem 4.8. The sequence 

o — ► g(x) i+1 — ► g(x)i -^ % Sx(l) D(inr) — > o 

is exact. Furthermore, the map Pj provides a splitting of this exact sequence, 
i.e. /UjPj = Id. 

Proof. By definition, Q(X)i+i is the kernel of /Xj, thus we only need to show 
that /ijPj = Id. Given r G «5x(«) and g G D(X fir), by Formula flU]) 



we have dx\ r (T x ^ r * g) = g. If instead we take another subspace t ^ r 
of Sx(i), then r n t is a proper subspace of t. As we have seen above, if 
g G D(X fl r), <9 x \ ± (T^ r * p) = 0. Thus, given a family ^ G D(X n r), the 

function / = ]Cte«Sx(i) r x\t * 9t is such that d x \ L f = 9r for all r G 5x(i). 
This proves our claim that /ijPj = Id. □ 

Putting together these facts, we immediately get 

Theorem 4.9. Choose, for every rational space r, a regular face F r for 
X \ r . Then: 

(16) g(X) = (BreSxT^ * D(X n r). 

Corollary 4.10. The dimension of Q(X) equals the number of sublists of 
X which are linearly independent. 

Proof. . This follows immediately from (|16p and the fact (see for example 
[5] Theorem 11.8) that D(X) has dimension equal to the number of bases 
which can be extracted from X. □ 

We define 

(17) Q{X) = S[q*]G(X), Qi[X) = S\fi*]g t (X) 

where the elements in S[g*\ act on distributions as differential operators 
with constant coefficients. 
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Remark 4.11. If we set 

D»(Xnr) = S[ 5 *]D(Xnr) * S[g*] ®s{( s / Sr _y] D(Xn L ), 

Theorem l4.81 together with the fact that the maps m and Pi extend to <5[g*]- 
module maps (which we denote by the same letter), immediately implies that 
we have an exact sequence of 5[g*]-modules 

-> g i+1 (X) -> fax) 4 % 5lW D»(Inr) -> 0. 

Furthermore one can give generators for £(A) as a 5'[g*]-module as fol- 
lows: 

Theorem 4.12. 

F 
as F runs over all regular faces for X. 

Proof. Denote by M the S[g*] module generated by the elements T£, as F 
runs on all regular faces. In general, from the description of Q(X) given in 
Formula f)16|) , it is enough to prove that elements of the type TJr * g with 
g € D(X n r) are in M. As D(X flr)c Q(X fl r), it is sufficient to prove 
by induction that each element TJr * T^ nr is in M, where K is any regular 
face for the system X C\ r. We choose a linear function uo in the face F r . 
Thus no vanishes on r and is non zero on every element a € X not in r. 
We choose a linear function u\ such that the restriction of u\ to r lies in 
the face K. In particular, u\ is non zero on every element a E X n r. We 
can choose e sufficiently small such that n := no + em is non zero on every 
element a £ X. Then no + eu\ defines a regular face F. We see that a vector 
a a X\ris positive for u if and only if it is positive for no, similarly a vector 
a € X Or is positive for n if and only if it is positive for m, hence from (lllh . 
and the definition (]13p . it follows that T^f * T£ nr is equal to T£. □ 

This construction has a discrete counterpart, thoroughly studied in [7] 
and related to the study of the index of transversally elliptic operators and 
of computations in equivariant K-theory in which differential operators are 
replaced by difference operators. 

5. Equivariant cohomology with compact supports of T*Mx- 

5.1. Equivariant cohomology with compact supports and the infin- 
itesimal index. Let G be a compact Lie group, in [8] we have introduced 
a de Rham model for the equivariant cohomology Hq JZ) with compact 
supports of a G-stable closed subset Z C iV of a G-manifold N. A represen- 
tative of an element in Hq (Z) is a compactly supported equivariant form 
on A^ such that Da is zero on a neighborhood of Z . Two representatives 
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ai, a.2 agree if ol\ — «2 = Dj3 + 7 where ft, 7 are compactly supported and 7 
vanishes on a neighborhood of Z. 

Furthermore assume that we have a G-equivariant one form a on N called 
an action form. We define the corresponding moment map \i : N — > q* by 
setting for any u E 0, n E N, fi(n)(x) := — (a,v x )(n), v x being the vector 
field on N corresponding to x. Set Cl(x) := Do(x) = da + fJ-(x) (D is the 
equivariant differential) . 

If we take as Z the zeroes N° = ^ _1 (0) of the moment map, we have then 
defined a map of S [q*] -modules 

infdex : H^ C {N°) -> S'{q*) g 

called infinitesimal index. For a{x) a form giving a cohomology class [a] E 
Hq c (N°) and / a test function we have: 

(18) (infdex£([a]),/)= lim I I e isn{x) a(x)f(x)dx 

This is a well defined map from Hq C (N°) to invariant distributions on q*. 
We refer to [8] for the proof of most of the properties of H G (Z) and of the 
infinitesimal index which we are going to use in what follows. 

We are going to study the case in which we start with a G-manifold M. 
We set N = T*M and we take the canonical one form a. In this case 
it follows immediately from the definitions that (T*M)° equals the space 
TqM whose fiber over a point x E M is formed by all the cotangent vectors 
£ E T*M which vanish on the tangent space to the orbit of x under G, 
in the point x. Thus each fiber (TqM) x is a linear subspace of T*M. In 
general the dimension of {TqM) x is not constant and this space is not a 
vector bundle on M. 

5.2. Connection forms and the Chern-Weil map. We shall use a fun- 
damental notion in Cartan's theory of equivariant cohomology. Let us recall 

Definition 5.3. Given an action of a compact Lie group G on a manifold 
P with finite stabilizers, a connection form is a G-invariant one form uj E 
A 1 (P) Q with coefficients in the Lie algebra of G such that — l x oj = x for 
all x E 3. 

If on P with free G action we also have a commuting action of another 
group L, it is easy to see that there exists a LxG invariant connection form 
uj E ^4 X (-P) <S> d on P for the free action of G. 

Let Q := P/G. Define the curvature R and the L-equivariant curvature 
Ry of the bundle P — > Q by 

(19) R := duj + —[uj,uj}, R y := — i y uj + R. 

We have the Chern-Weil map c : S[g*] -»■ H* G {P) ^ H*(P/G) defined 
by P •-► [p(-R)] (see [8] p. 8). Through this map we give to H*(P/G) and 
H*{P/G) a S[g*} module structure. 
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Proposition 5.4. If G acts freely (or with finite stabilizers) on a manifold 
P , the Poincare duality for Q = P/G commutes with the S[g*] -module 
structures. 

Proof. This depends upon the fact that the S , [g*] G -module structure of 
H*(Q) comes from the Chern-Weil morphism 5[g*] G — > H even (Q) deter- 
mined by the bundle. The 5 , [g*] G -module structure of H*(Q) comes from 
the same morphism and the fact that H*(Q) is a H*(Q) module under mul- 
tiplication and finally that duality is given by integration formula JqCu A f3 
with a, (3 closed and (3 with compact support. □ 

5.5. The equivariant cohomology of T G M X . Our task is now to use 
the infinitesimal index to compute the equivariant cohomology with com- 
pact supports of TqMx and more generally of T G Mx,>k- Notice that if we 
consider ordinary equivariant cohomology, it is immediate by G-homotopy 
equivalence to deduce 

Proposition 5.6. The equivariant cohomology of the space T G Mx,>k equals 
that of Mx,>k for all k. 

We have already remarked that, in the case k = s, we have Mx,>k = 
M x in and that H G (M x in ) = D*(X). Now, since G acts on M x in with 
finite stabilizers, and we use cohomology with real coefficients, we get that 
H* G {M x in ) = H*(M x in /G) and by Poincare duality 
(20) 

H^ c (M f x in ) = H h c {M x in jG) = {H 2 ^- s - h (M x m /G))* = D 2 \ x \-'- h (X). 

Now, in order to compute the equivariant cohomology with compact sup- 
ports of TqM x , we need some well known general considerations. 

Let N be a G-manifold, M be a G-equivariant vector bundle on N of 
rank r with projection p : M — y N. Then (see p2]), there is an equivariant 
Thorn form tm, which can be taken supported in any arbitrarily small disk 
bundle around N in M, such that in particular: 

Proposition 5.7. The map 

C : H* GjC (N) -► H* G +;(M) 

defined by C(a) = p*(a) A t_m is an isomorphism 

Let Z be an oriented G manifold and s : N '—} Z a G-stable oriented 
submanifold. Assume that iV has an action form with moment map // and 
that Z is equipped with an action form such that the associated moment 
map nz extends [i. Thus Z° n N = N°. 

We have used the Thorn form in [8] in order to define a map 

sr.H G ^N°)^H G ^Z°). 

In particular we can apply this when Z = N x Mb, s : N — > N x Mg is the 
embedding of the section and Mb is the linear representation associated 



14 C. DE CONCINI, C. PROCESI, M. VERGNE 

with some list B of non zero vectors in A equipped with an action form with 
the origin lying in M B . Then we take oniVx Mb the action form given by 
the sum of the action forms on N and Mb and we get the map 

*, : H* GtC (N°) -> H* GjC ((N x M B f). 

We have 

Proposition 5.8. If [A] € H* Gfi {{N x M B )°), then: 

Sl s*([X})=d B [X}. 

Proof. We first want a Poincare Lemma for a G manifold N and a vector 
space M^ with G action. 

Consider the map q : N x Mb x [0,1] —^ N x Mb, q{x, y, t) = (x, ty) and 
the maps i t : N x Mb —■ N x Mb x [0, l],i t (x,y) = (x,y,t). 

Given an equivariant form A = X(x, y), x € N,y E Mb on N x Mb, define 
the forms A,AonjVx Mb x [0, 1] by 

q*\ = A + dt A A 

where A does not contain dt and can be thought of as the form q*X, and now 
q t : (x,y) -)■ {x,ty). Set 

/(A) := / i t *Adt. 

JO 

We claim that we have the homotopy formula 

(21) X(x,y)- X(x,0) = DIX + IDX. 

In fact 

DI(X) := [ i*DXdt, q*DX = DX - dt A DA. 
Jo 

Write DX = u + dt A 77, so that IDA = /J ^(77 - DA)dt gives 

DJ(A) = -IDA + I i* t 7]dt. 
Jo 

If we think of A as a form on N x Mb depending on t, we see that rj = ^-A = 

j^qtX. It follows that 

-1 



i* t r/dt = qlX - (?oA. 
'0 

We now multiply Equation (I2ip above by a Thorn form r for the trivial 
bundle p : N x Mb — > iV which is the pull back of a Thorn form tq on Mg 
under the projection N x Mb — > Mb- We may assume the support of r as 
close to N as we wish, that is in N x B t with B t a ball of radius e centered 
in the origin. In particular, take a form A such that DA has support K 
disjoint from {N x Mb) - For such a form, the support of IDA is contained 
in the set of points (x, y) such that the segment (x,ty), t € [0, 1], intersects 
K. The support of tIDX is contained in the previous set of points (x, y) 
but with the further requirement that y € B e . 
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Then, if e is small, we can make sure that the set U 4e [ ,i]£(-K" n (N x B e )) 
is still disjoint from (N x Mb) - 
We deduce that 

t\(x, y) - tX(x, 0) = DtIX + tIDX, 

the forms in this equality have all compact support and moreover the support 
of tIDX is disjoint from (JV x Mb) - 

This implies that [tX(x, y)] = [rX(x, 0)] in the cohomology H Gc ({N x 

M b )°). 

Now by definition A(x,0) =p*s*X, so [rA(x,0)] = sis*[A]. 

The inclusion of the origin gives an algebra isomorphism between H g (Mb) 
and H G (jpt) = S[q*] and the image of the class of tq is the Euler class of Mb 
which is ds- Thus [tX] = [4b X]. □ 

Remark 5.9. Notice that, if we assume that the moment map on Mb equals 
0, then (N x Mb) = N° x Mb and the map s\ is just the Thorn isomorphism 
between H£ (N°) and H% (N° x M B ). 

Let us now go back to our computations. The projection p : TqM^ — > 
M^ is a real vector bundle of rank 2\X\ — s so that, applying Proposition 
15^1 we get H* Gc (T^M f j n ) = H*^ m ~\M f ™). Thus putting together this 
with ([2D]) , we get 



Proposition 5.10. As a graded S[Q*]-module, 

(22) H* GiC (T£M f ™) ~ D 4 l x l- 2s -*(X). 

In particular T G M^ n has no equivariant odd cohomology with compact sup- 
ports. 

Proof. We apply Proposition 15.41 and deduce that H G c (T G M^ n ) is iso- 
morphic to the dual of H G {T G M^ n ) as S'[g*]-modules, where the dual 
structure is given by {a<f),u) = (cj),au),a G S[q*\, (p G H G (T G M^ n )*, 
u G H G (T G Mx). The statement now follows from Remark 14.31 □ 

5.11. The equivariant cohomology of T G Mx,>i- It is now interesting to 
interpret formula (j22|) via the theory of the infinitesimal index. To do this, 
we need to recall a few facts. As we have already remarked, the action of G 
on TqM™ is essentially free, so, denoting by Q the quotient T G M^ n /G, we 
can take an equivariant g-valued curvature form R for the map T G M^ — > 
Q. 

We have the Chern-Weil map c : S[q*] -> H^T^M^* 1 ) defined by p H- 

\p(R)]- 

Take a closed equivariant form with compact support 7 on Q. We can 
apply the Theory of the infinitesimal index to the class [7] G H*(Q) ~ 



/ 

Jo 
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Hq (TqMx). By Proposition 4.20 of [8] the infinitesimal index is given 
by the polynomial density on q* 

(23) (/ V (i? "°R. 

JQ 

We have 

Theorem 5.12. The map infdex is a graded isomorphism as S[Q*]-modules 
of H G jT G M x in ) ontoD(X). 

Proof. Given p € S [g*], it defines at the same time a cohomology class c{p) £ 
H G (T G M x n ) (given by the Chern-Weil morphism) and also a differential 
operator with constant coefficients on q, we shall write it as pip). Now 
notice that the Poincare duality pairing ([7],c(p)) is given by 

1P (R) = ( f 7 p(#)e TO ) ie = (p(a)infdex( 7 ))| 5=0 . 

By Theorem 13. 31 we have in our case that the Chern-Weil map c : S[g*] — > 
H G (T G M X ) is surjective with kernel Ix- From this and the previous con- 
siderations everything follows. □ 

In order to proceed we need to recall a few definitions. For a rational 
subspace s, we may consider the subspace M$ := ® a &xc\sL a of Mx, we also 
denote by G s the subgroup of G joint kernel of the elements in X Pi s. The 
group G s acts trivially on M s inducing an action of G/G s . 

Definition 5.13. We define the set M[ to be the open set of Mg where 
G/G s acts with finite stabilizers. 

Thus 

H* GtC {M[) = S[q*\ ®si( B / Bs )*} H* g/ gJ.M[) 
where q* is in degree 2. In particular, by Proposition I5.1U] we deduce that 

H G^ l ( T G M i) = °- 

Now set f G M[ := T G M x \ M f, the restriction of T G M X to m[. We see 

that T g M£ = T G M[ x M x \ , so we have a Thorn isomorphism 

C, : H G \ C {T G M[) -► H G ^ X ^\f G M[), H G ^{f G M[) = 0. 

Choose < i < s. We pass now to study the G-invariant open subspace 
Mx,>i of M. The set Mx,>i+i is open in Mx,>i with complement the set 
M = i, disjoint union of the sets M[ with s G <Sv(i). Denote by T G M = i the 
restriction of T G M to M = j, disjoint union of the sets T G Mi . Denote 

j : Mx,>i+i — > Mx,>i the open inclusion 

e : f G M =i = Us_f G M[ -> T G M x ,>i the closed embedding. 

Let d be the Thorn isomorphism from H G \ c (T G M =i ) to H G { ^ XVl \f G M =i ), 
the direct sum of the Thorn isomorphisms C s . 
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Theorem 5.14. For each < i < s — 1, 

a) For each h>0, H 2 £+ l (T^M x ,>i) = 0. 

b) For each h > 1, the following sequence is exact 

(24) 

-+ H% c (T G M Xt > i+1 ) 4 H% C (T G M X ^ C C 6 * (BseS x{l )H 2 G h ; 2lX ^(T^M[) -+ 0. 

Proof. Since M x ,> s = M x m , we can assume by induction on s — i, that a) 
holds for each j > i. Also since M=i is the disjoint union of the spaces 
MJ which have no odd equivariant cohomology with compact supports, we 
get that H G + l (T G M =i ) = for each < i < s - 1. Using this fact, both 
statements follow immediately from the long exact sequence of equivariant 
cohomology with compact supports associated to j, e. □ 

Let us now make a simple but important remark. 

Lemma 5.15. Let s G S x (j) with j < k. The element d x \ s € S[q*] lies in 
the annihilator of H G £T G Mx,>k)- 

Proof. H Gc (T G M Xj > k ) is a module over H G (T G M x ,>k) an d hence also over 
H G (M Xi >k). Thus this lemma follows from Lemma 13.21 □ 

Let us now split X = AUB and M x = M A M B . Then 

T*M X = M x x M x = T*M A x T*M B = T*M A x M B x M B . 

Consider the inclusions 

T*M A — -?— >• T*M A x M B — — > T*M A x M B x M B 

Each is the zero section of a trivial bundle. The moment map for T*M X 
restrict to T*M A x M B to the moment map of the factor T*M A . Hence 
setting T G M A := T G M A x M B we obtain the inclusions 

T G M A — s -^ f G M A — i-* T G M X - 

To the inclusion i we can apply Proposition 15.81 and to the inclusion s also 
Remark 15.91 

In particular, we get a Thorn isomorphism 

*, = Cm* : H Gfi {T G M A ) ^ H* G + c m (f G M A ) - ^+ 2|B| (TaM^ x M B ) 
and a homomorphism i\ : H Gc (T G M A ) —?■ H G C (T G M X ). 
Proposition 5.16. Take a € H Gc (T G M x ), then (i o s)\C^,i*{o) = d B a. 
Proof. We first observe that (i o s)\C^* = i\. So (i o s)\C~^\ i*(a) = i\i*(a) 

B B 

and the statement follows from Proposition 15.81 □ 

Corollary 5.17. Take a G H* Gc (T G M x ). Leta = C~\i*(a) G H* Gc (T G M A ). 
Then, we have the equality of distributions: 

<9£(infdex(cr)) = infdex(ao). 
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Proof. We use the fact that the infinitesimal index commutes with i\ (see 
[8], Theorem 4.9) and is a map of S[g*] modules. □ 

We have defined in Definition 14.41 the space of distributions Q{X) as those 
distributions / on q* such that dx\ r f £ <S'(g*,r) for all t £ Sx and G(X) as 
the S[q*] module generated by Q{X). Then Qi{X) is the subspace in Q{X) 
such that &x\tf = for all t € Sx{i — 1). 

Lemma 5.18. For each i > 0, infdex maps H G c (T G Mx,>i) to the space 

9i(X). 

Proof. Denote by (. : Gi(X) — > Q{X) the inclusion. By Lemma |5.15[ if a £ 
H<3 c(T<3Mx,>i) and t is a rational subspace of dimension strictly less than i, 
we have dx\tO~ = 0. Thus dx\t^fdex(a) = 0. It follows that the only thing 
we have to show is that, if a € H^ c (TqMx), then infdex(cr) lies in Q{X). 
Take a rational subspace s. By Corollary 15.171 the infinitesimal index of 
d x \ s cr equals the infinitesimal index of an element oq G Hq c (T G Mxns)- But 
the action of G on Mxns factors though the quotient G/G s whose Lie algebra 
is q/q s . Thus H Gc (T G Mxns) = S[0*]®S[( B / fe )*]#£/ Gs c (f G/G M Xn& ), hence 
9 x \,infdex( CT ) G S[Q*]mfdex(H G/G jT G/G Mxns))- ~ 

But mfdex(H G , G JTq/q Mxns)) C S'(g*,r) hence the claim. □ 

The following theorem characterizes the values of the infinitesimal index 
on the entire Mx- This time, we use the notations and the exact sequences 
contained in Theorem 15.141 Remark 14.111 and Corollary 15.171 

Theorem 5.19. For each < i < s, 
• the diagram 

-»■ H G>c (T G M Xt >i + i) -±-+ H G;C (T G M x ,>i) ^X H Gc (T G M =i ) ->. 



infdex 



infdex 



infdex 



o^g i+1 (x) — i-* g t (x) -^ e, e5x(l) D s (in^o 

commutes. 

• Its vertical arrows are isomorphisms. 

• In particular, the infinitesimal index gives an isomorphism between 
H Gc {T G M x ) andQ(X). 

Proof. Lemma 15.181 tells us that the diagram is well defined. We need to 
prove commutativity. 

We prove that the square on the right hand side is commutative using 
Corollary 15.171 The square on the left hand side is commutative since j* is 
compatible with the infinitesimal index and £ is the inclusion. 

Recall that H* Gc (T G M X ns) = %*] ®5[( fl / fe )*] H G/G jT G/G M X r>s) and 
that 

d*(x n s) = s[ Q *]D(x n^ s[ s *} ® S [( fl / fe )i D(x n s). 
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Using Theorem 15.121 this implies that the right vertical arrow is always an 
isomorphism. 

We want to apply descending induction on i. When i + 1 = s, since 
M x ,>s = M^ n and Q s -i(X) = D(X), Theorem EJJ2] gives that the left 
vertical arrow is an isomorphism. So assume that the left vertical arrow 
is an isomorphism. We then deduce from the five Lemma that the central 
vertical arrow is an isomorphism and conclude. □ 



[9 

[io; 

[12; 
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